Abstract. Let F be a global field, write S∞ for the set of archimedean primes of F and let S be a nonempty finite set of primes of F containing S∞. In this paper we study the Néron S-class group CH,F,S of a semiabelian variety H defined over F . In the well-known analogy that exists between the Birch and Swinnerton-Dyer conjecture for an abelian variety A over F and Dirichlet's analytic class number formula for the field F (in the number field case), the finite group CA,F,S ∞ (not the Tate-Shafarevich group of A) is a natural analog of the ideal class group of F .
Introduction
Let F be a global field. A central problem in Number Theory is that of extending certain known results for tori to abelian varieties over F . Specifically, Dirichlet's analytic class number formula for a number field F has long been regarded as a template for the Birch and Swinnerton-Dyer conjecture for an abelian variety A over F . But the analogy between a theorem for the trivial torus T = G m, F (as Dirichlet's formula certainly is) and a conjecture about an arbitrary abelian variety is a distant one, and many researchers have come to view (incorrectly, we believe) the Tate-Shafarevich group X 1 (A) of A as a natural analog of the ideal class group of F . In fact, it would be more reasonable to regard X 1 (A) as corresponding to X 1 (T ), which is zero in the case T = G m, F (by Hilbert's Theorem 90) and therefore does not explicitly appear in Dirichlet's formula.
In this paper we introduce the Néron S-class group C A, F, S of A over F , where S is as above, and investigate some of its properties. The definition of C A, F, S is quite simple. For each prime v / ∈ S, let F v be the completion of F at v and let k(v) denote the corresponding residue field. There exists a canonical reduction map A(F ) → Φ v (A)(k(v)), where Φ v (A) is the group scheme of connected components of the special fiber of the Néron model of ∈S Φ v (A)(k(v)) via the preceding reduction maps. For reasons that are explained in Remark 3.3(a) (see also Remark 4.15), we believe that this group is the "correct" analog of the ideal S-class group of F .
We note that the study carried out here is entirely algebraic. The analytic side of the theory, centered around the analytic determination of the Néron S-class number
, will be discussed elsewhere. Here c v = |Φ v (A)(k(v))| is the so-called "Tamagawa (or 'fudge') factor" associated to the prime v appearing in the Birch and Swinnerton-Dyer conjecture for A. Regarding the precise relation between C A, F, S and X 1 (A), see Proposition 3.4. There is an important point that we wish to make. For a number of reasons, the proper context in which to explore analogies between tori and abelian varieties is the theory of 1-motives (be these Deligne 1-motives, or generalizations of such). Consequently, in this paper we have attempted to develop the theory for arbitrary semiabelian varieties, as a necessary preliminary step for the future construction of a 1-motivic theory.
We will now state the main theorem of this paper. Let B denote the dual (i.e., Picard) variety of A. For each v / ∈ S, Grothendieck's pairing
Thus there exists a perfect pairing of finite groups (3.6 ). This group can be described as follows. Consider the finite set of primes P = {v / ∈ S : Φ v (A)(k(v)) = 0}.
Then the nonzero elements of C 1 B, F, S are represented by principal homogeneous spaces for B over F which have a point defined over F v for every v / ∈ P and a point defined over some unramified extension of F v for each v ∈ P , but no point defined over F v itself for some v ∈ P . Then the answer to be above question is contained in the following theorem, which is the main result of the paper. Theorem 1.1. Assume that X 1 (A) is finite. Then (1.2) induces a perfect pairing of finite groups C A, F, S × C 1 B, F, S → Q/Z . Note that the theorem, together with the description of C 1 B, F, S given above, yields a geometric interpretation of the Néron S-class number (1.1) (for another interpretation, see Remark 4.5) .
We now describe briefly the contents of the paper. After a preliminary Section 2, we discuss in Section 3 some of the basic properties of the Néron S-class group C H, F, S of a semiabelian variety H over F . In particular, the finiteness of C H, F, S is shown. Sections 4 and 5 discuss the Capitulation Problem for C H, F, S , extending some of the results obtained in [14] for tori. In Section 6 the duality theory of the Néron S-class group of an abelian variety is developed 1 , concluding with a proof of our main theorem.
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Preliminaries
Let F be a global field, i.e. F is a finite extension of Q (the number field case) or is finitely generated and of transcendence degree 1 over a finite field of constants (the function field case). Let S denote a nonempty finite set of primes of F containing the archimedean primes in the number field case and let O F, S be the ring of S-integers of F . We will write U = Spec O F, S and j : Spec F → U for the canonical immersion. For every v / ∈ S, O v will denote the completion of the local ring of U at v, F v will denote its field of fractions and k(v) is the corresponding (finite) residue field. Further, i v will denote either the canonical closed immersion Spec k(v) → U or Spec k(v) → Spec O v , depending on the context (no confusion should result). Similarly, j v will denote either Spec
Fix a separable algebraic closure F of F and let K/F be a finite Galois subextension of F /F with Galois group G. We will write G K (resp. G F ) for Gal F /K (resp. Gal F /F ). Further, we will write R for the set of non-archimedean primes of F which ramify in K, and S K for the set of primes of K which lie above the primes in S. Now, for each prime v of F , we choose and fix once and for all a prime w v of K lying above v and a prime w v of F lying above w v . The decomposition and inertia groups of w v in K/F will de denoted by G wv and I wv , respectively. Then the completion 1 We are able to develop this theory because the category of abelian varieties is closed under duality. To discuss arbitrary semiabelian varieties would require the full 1-motivic theory.
of F at w v , F wv , is a separable algebraic closure of F v containing K wv . We set I w v = Gal F w v /K nr wv and
, where K nr wv (resp. F nr v ) is the maximal unramified extension of K wv (resp. F v ) lying inside F wv . Clearly, I wv is a subgroup of I v and there exist canonical isomorphisms
is canonically isomorphic to both Gal(k(w v )/k(v)) and G wv /I wv . All three groups will henceforth be identified. The ramification index of v in K will be denoted by e v . Further, we will use a tilde ( ) to denote K-analogs of objects defined over F . For example, U will denote Spec O K,S K , where O K,S K is the ring of S K -integers of K, and  : Spec K → U will denote the corresponding immersion. We let π : U → U be the canonical morphism.
If T is an F -torus, X will denote the G F -module of characters of T , i.e., X = Hom T F , F * . A non-archimedean prime v of F is said to be a prime of multiplicative reduction for T if the identity component of the Néron-Raynaud model of T over F v is an O v -torus (and then we say that T has multiplicative reduction at v). The following are equivalent conditions (see [27] , (1.1), p.462): (a) T has multiplicative reduction at v, as defined above
Since only finitely many primes of F can ramify in a splitting field of T , we conclude that T has multiplicative reduction at all but finitely many primes of F . Except in Section 6, B will denote the set of (non-archimedean) primes of F where T fails to have multiplicative reduction. A prime v ∈ B is called a prime of bad reduction for T (and then we say that T has bad reduction at v). An F -torus is called quasi-trivial if it is isomorphic to a direct product
F . An F -torus is called invertible if it is isomorphic to a direct factor of a quasi-trivial torus.
For any abelian group M and positive integer n, we will write M n for the n-torsion subgroup of M and M/n for the quotient M/nM . Further, M = lim ← − M/n is the adic completion of M , M (n) = ∪ r≥1 M n r is the nprimary component of M and M div = n nM is the subgroup of M of infinitely divisible elements. For simplicity, we will write
In this paper the snake lemma from Homological Algebra [34] , Lemma 1.3.2, p.11, will be applied frequently. We will also need the following variant of the snake lemma (known as the kernel-cokernel exact sequence):
→ C be a pair of group homomorphisms. Then there exists a canonical exact sequence
A pairing of abelian groups A× B → Q/Z is called non-degenerate on the right (resp. left) if the induced homomorphism
is injective. It is called non-degenerate if it is non-degenerate both on the right and on the left. The pairing is said to be perfect if the homomorphisms B → A D and A → B D are isomorphisms.
The following basic lemma will be used in Section 6.
Lemma 2.2. Let n be a positive integer and let
be exact sequences of abelian groups. Assume that there exist pairings
such that the following conditions hold.
Proof. Hypothesis (i) implies that the canonical map 
(whose top and bottom rows are induced by the short exact sequences 0 → Im
shows that the map labeled b above is injective. On the other hand, the 4-lemma applied to the diagrams
shows that the maps labeled a and c above are surjective and injective, respectively. Now the 4-lemma applied to the diagram (Im f 3 ) n tion, all cohomology groups below will be flat cohomology groups, i.e., H i (U, F) = H i (U fl , F) for any sheaf F on U fl , where U fl is the category of U -schemes locally of finite type endowed with the flat topology. If F is represented by a smooth, quasi-projective and commutative U -group scheme, then H i (U, F) = H í et (U, F) (see [24] , Theorem III.3.9, p.114). If Y is any scheme, Y 0 will denote the set of closed points of Y . Further, if V is a scheme, Y is a V -scheme and Spec A is an affine V -scheme, Y (A) will denote Hom V (Spec A, Y ).
Basic properties of class groups
Let V be a nonempty open subscheme of U . The ring of V -integral adeles of U is by definition
Note that, if S ′ ⊃ S corresponds to V , then there exists a canonical map O F, S ′ → A U (V ) and this makes Spec A U (V ) into an affine V -scheme. Now let H be a smooth algebraic group over F and let M be any U -model of H of finite type. We will write [9] , Theorem 3.5. We now define a partial ordering on the family of nonempty open subschemes of U by setting
, namely the product of the identity map on v∈U \V F v and the canonical injection
We will view A U (V ) as a subring of A U (V ′ ) through the above map. The ring of adeles of U is by definition
Clearly, for any V as above, we may regard A U (V ) as a subring of A U and M V (A U (V )) as a subgroup of M(A U ). Then, by [9] , p.5, the natural map
is a bijection. We conclude that there exists a canonical bijection
has a natural locally compact Hausdorff topology [18] , 6.16(c), p.57. This topology can then be transferred to M(A U ) via (3.1) so that (3.1) is a homeomorphism. See [9] for further details.
It is shown in [9] , Theorem 4.3, that H(F ) injects into M(A U ). Further, as noted above, M(A U (U )) ⊂ M(A U ). We define the class set C(M) of M as the double coset space
Now, although the arguments of [29] , Chapter I, §2 (which are reproduced in [14] , §3) are valid in principle only when M is affine, they admit a straightforward generalization to arbitrary M as above 2 . In particular, the pointed set C(M) admits the following Nisnevich-cohomological interpretation (see [14] , Theorem 3.5):
Nis (U, M). Assume now that, in addition to being smooth, H is commutative, connected and admits a Néron model 3 H over U . This is conjecturally the case if H contains no subgroup of type G a [3] , §10.3. Then H is a smooth and separated U -group scheme which is locally of finite type and represents the sheaf j * H on the small smooth site over U . Its identity component H • is a smooth U -model of H which is of finite type [3] , p.290, line 6. We call the corresponding class group C(H • ) the Néron S-class group of H and denoted it by C H, F, S . Thus
The group C H, F, S is known to be finite if H is affine (see, e.g., [8] , §1.3). It is also finite if H = A is an abelian variety (this is immediate from Theorem 3.
We will see below (Theorem 3.7) that C H, F, S is finite for any semiabelian variety H.
be the map induced by the composition
where the first map is the natural "diagonal homomorphism"
Theorem 3.2. Let H be a smooth, connected and commutative algebraic group over F . Assume that H admits a Néron model H over U . Then there exists a canonical exact sequence
where ϑ H,S is the map (3.2).
Proof. Takingétale cohomology of the short exact sequence ofétale sheaves on U we are immediately reduced to showing that C H, F, S is canonically isomorphic to the kernel of the canonical map
. Indeed, the Cartan-Leray spectral sequence shows that the latter group is the same as the kernel of the canonical map [13] , proof of Lemma 3.1). Now, for any v ∈ U 0 , let O h v denote the henselization of the local ring of U at v. Then [24] , Remark III.3.11, p.116, and Lang's Theorem [20] . Consequently, there exists a canonical exact sequence
See [30] , 1.44.2, p.286. The theorem is now clear.
The literature records the following assertions: "If A is an abelian variety over a number field F , then A(F ) is the natural analog of the group of units of F and the Tate-Shafarevich group of A, X 1 (A), is the natural analog of the ideal class group of F ". We believe that these assertions are incorrect. Indeed, the exact sequence of the theorem shows that the natural analog of the group of S-units of F (which is
) and C A, F, S are the natural analogs of the group of fractional S-ideals of F and the ideal S-class group of F , respectively. See Remark 4.15 below for further clarification of this matter.
(
is finite (as is the case if H is an abelian variety), then the exact sequence of the theorem shows that H • (U ) and H(F ) have the same Z -rank. In particular, rank
, where the map involved is the restriction map in Galois cohomology. The inflation map in Galois cohomology induces an isomorphism
On the other hand, by a straightforward generalization of [25] , proof of Proposition I.3.8, p.57, the reduction map
We will henceforth identify these two groups through the above isomorphism. Now, for any prime v of F , there exists a canonical map
be the induced map and set X 1 S (H) = Ker λ S . Clearly, the Tate-Shafarevich group of H is X 1 (H) = Ker λ ∅ . Now we define
and let λ
be the restriction of (3.
The elements of C 1 H,F,S can be described as follows. Consider the set of primes
Then the nonzero elements of C 1 H,F,S are represented by principal homogeneous spaces for H over F which have a point defined over F v for every v / ∈ P and a point defined over some unramified extension of F v for each v ∈ P , but no point defined over F v itself for some v ∈ P . Now, in order to explain how the groups C H,F,S , C 1 H,F,S and X 1 (H) are connected, we need another definition. For any prime v of F and any sheaf F on U fl , let
, where F v is the sheaf on (Spec F v ) fl obtained by pulling back F relative to the composite morphism
denotes the i-th reduced (Tate) cohomology group of F v . Clearly, the preceding morphism induces a map
Then the following holds Proposition 3.4. There exist canonical exact sequences [25] , Proposition III.9.2, p.368). The Cartan-Leray spectral sequence and [25] , Remark I.3.10, p.58, yield an exact sequence
See [25] , proof of Lemma II.5.5, p.247. Now, applying Lemma 2.1 to the pair of maps
we obtain an exact sequence
where λ S is the localization map (3.5). Thus, there exists an exact sequence
On the other hand, via the identification (3.4), the exact sequence (3.3) induces an exact sequence
Thus (3.8) yields an exact sequence
The proposition now follows from (3.6) and the exact commutative diagrams
whose top rows are (3.8) and (3.9), respectively.
Recall that a semiabelian variety H is an extension
where T (the toric part of H) is an F -torus and A (the abelian part of H) is an abelian variety over F . Recall also the set B of nonarchimedean primes of F where T has bad reduction. The following result generalizes Dirichlet's Unit Theorem.
Theorem 3.5. Let H be a semiabelian variety over F with abelian part A and toric part T . Let X be the G F -module of characters of T and let B denote the set of primes of bad reduction for T . Then H • (O F, S ) is a finitely generated abelian group and
Proof. Let V = U \ B, which is the largest open subscheme of U with the property that T • V :=  * T • is a V -torus, where  : V → U is the canonical immersion. There exists a canonical exact sequence of smooth sheaves on U
where 
Since each H • v is a connected smooth group scheme over the finite field k(v),
Since T has multiplicative reduction over V , R 1  ′ * T = 0 for the smooth topology on V , where  ′ : Spec F → V is the canonical immersion. See [5] , Lemma 4.2. Thus the exact sequence 0 → T → H → A → 0 induces an exact sequence of smooth sheaves on V
) is torsion-free [35] , Theorem 1.1. Then, by [5] , Corollary 4.10 and Theorem 4.11(i), (3.11) induces an exact sequence of
Taking G k(v) -invariants above, we obtain an exact sequence
where
is induced by the third arrow in (3.12). Now let ϕ : H(F ) → A(F ) be induced by the surjection H → A. Then we have the following exact commutative diagrams:
where the map θ is induced by ϑ A,B ∪S . By the Mordell-Weil Theorem, Coker ϕ is finite (since it is a finitely generated subgroup of the torsion group H 1 (F, T )). Thus (3.13) shows that Ker θ and A • V (V ) (= Ker ϑ A,B ∪S , by Theorem 3.2) have the same rank. On the other hand, the snake lemma applied to (3.14) yields an exact sequence
and this shows that rank
The theorem now follows from [14] , Theorem 4.10, and Remark 3.3(b).
Remark 3.6. The proof of the theorem shows that, if S contains all nonarchimedean primes of F where either T or A has bad reduction, then
∈ S (see (3.12)). In particular, if T is a split F -torus and A has good reduction at all primes v / ∈ S, then Φ v (H) k(v) is a free abelian group with trivial G k(v) -action for every v / ∈ S.
Theorem 3.7. Let H be a semiabelian variety over F and let S be any nonempty finite set of primes of F containing the archimedean primes in the number field case. Then C H, F, S is finite.
Proof. We begin by noting that the exact sequence 0 → T → H → A → 0 induces exact sequences of sheaves on U sm
where A ′ is a subsheaf of A and 
where L v is finite and equal to zero for all but finitely many primes
is induced by the third arrow in (3.16). Thus there exists an exact commutative diagram
where ϕ : H(F ) → A(F ) is the canonical map. Thus, applying the snake lemma to the above diagram, we are reduced to checking that Coker ϑ ′
T,S
and Coker θ ′ are both finite. To this end, we observe first that, if v / ∈ S, then there exists a canonical exact sequence 
has a finite cokernel. Next, applying Lemma 2.1 to the pair of maps
we obtain an exact sequence C T, F, S → Coker ϑ ′ T,S → Coker α. This shows that Coker ϑ ′ T,S is finite. Finally, the finiteness of Coker θ ′ follows from the snake lemma applied to the exact commutative diagram
using the finiteness of v / ∈S Φ v (A ′ )(k(v)) (noted above) and that of Coker ϕ (see the proof of Theorem 3.5).
Remark 3.8. Recall the sheaf K introduced in the proof of the theorem and suppose that v / ∈ S is tamely ramified in the minimal splitting field of T . Then K Ov = 0 by [6], Corollary 4.2.6, and we conclude that Φ v (A ′ ) = Φ v (A) for such v, where A ′ is the subsheaf of A defined in the proof of the theorem. Theorem 3.9. Let H be a semiabelian variety over F with abelian part A and toric part T . Assume that T is an invertible F -torus. Then there exists an exact sequence
Proof. (Cf. [14] , proof of Theorem 6.1). For each v / ∈ S there exists an exact sequence
See [14] , Lemma 4. 
The theorem now follows by applying the snake lemma to the preceding diagram and using Theorem 3.2.
The preceding theorem has been included here because of the following interesting application. Let A be an abelian variety over F , let A * denote the dual variety and let T be an invertible F -torus. Then there exists a canonical "class group pairing"
which is defined as follows: let (α, P ) ∈ Ext 1 (A, T ) × A • (U ) and represent α by an extension 0 → T → H α → A → 0. Then α, P = ∂ α (P ) ∈ C T,F, S , where ∂ α : A • (U ) → C T,F, S is the connecting homomorphism intervening in the exact sequence of the theorem. When T = G m,F and Ext 1 (A, G m,F ) is identified with A * (F ) via the Weil-Barsotti formula, we obtain a class group pairing
It seems likely that the above pairing is closely related to the class group pairing defined in [22] , Remark 3.5.3(1), p.219.
The capitulation kernel
Let K/F be a finite Galois subextension of F /F , with Galois group G, and recall the set R of non-archimedean primes of F which ramify in K. Further, let H be a smooth, connected and commutative algebraic group over F such that H K admits a Néron model H over U . Then H admits a Néron model H over U [3] , Proposition 10.1.4, p.290, and there exists a canonical morphism H • → π * H • which factors as
where the first map is the adjoint morphism and the second map is induced by the base change morphism
Thus there exists a canonical capitulation map
See [13] , p.1154, for an alternative definition of the above map using Nisnevich cohomology. Let
be the K-analogue of the map (3.2). We omit the proof of the following result (which depends on the Néron mapping property) since it is very similar to the corresponding proof for tori given in [13] , §3.
Proposition 4.1. Let H be a smooth, connected and commutative algebraic group over F . Assume that H K admits a Néron model H over U . Then there exists a canonical exact sequence of G-modules
where ϑ H,S K is the map (4.1).
The exact sequence of the proposition splits into two short exact sequences of G-modules:
These sequences induce connecting homomorphisms (4.3)
and
. From the general description of ∂ 2 (see, e.g., [1] , p.97), it is not difficult to see that ∂ 2 • j H, K/F, S = 0. Thus j H, K/F, S induces a map
and an application of Lemma 2.1 to the preceding pair of maps yields a canonical isomorphism
In addition, (4.2) induces an exact sequence
where w v is the prime of K lying above v fixed previously. Now let v / ∈ S. Then arguments completely analogous to those given in [13] , §3, show that there exists a canonical "local capitulation map"
Proposition 4.2. Let H be a semiabelian variety over F . Then the kernel (resp., cokernel) of the local capitulation map δ H, K/F, v is finite and equal to zero for all but finitely many primes v / ∈ S.
Proof. Recall the sheaf A ′ = Ker[A → R 1 j * T ] introduced in the proof of Theorem 3.7. By [5] , Corollary 4.10, the exact sequence 0 → T → H → A ′ → 0 induces an exact sequence of
where Ker α v is finite and equal to zero if v / ∈ B. Let
Let N wv and M wv denote the corresponding objects associated to H K . There exists a canonical exact commutative diagram
) and Φ wv A ′ (k(w v )) are finite and equal to zero for all but finitely many primes v / ∈ S (see the proof of Theorem 3.7), the kernel (resp. cokernel) of the map h v appearing in the above diagram is finite and equal to zero for all but finitely many primes v / ∈ S. Applying the snake lemma to (4.8), we are thus reduced to checking the proposition with
and let P wv be the analogous group associated to T K . There exists an exact commutative diagram
Since the groups Ker α v and Ker α wv are finite and equal to zero for all but finitely many primes v / ∈ S, the same is true of H 1 (k(v), Ker α v ) and H 1 (k(w v ), Ker α wv ) [32] , Chapter XIII, §1, Proposition 1, p.189. We are thus reduced, as before, to checking the proposition for the map g v . Consider the exact commutative diagram (4.10)
Applying the snake lemma to the above diagram and using the fact that the groups Ker α v , Ker α wv and H 1 G(w v ), (Ker α wv ) G k(wv) are finite and equal to zero for all but finitely many primes v / ∈ S, we are finally reduced to checking the lemma for the map δ T, K/F, v . But this was done in [13] , Lemma 3.3 and proof of Lemma 3.4.
Under certain hypotheses, we can find an annihilator for Ker δ H, K/F, v (as regards Coker δ H, K/F, v , see Proposition 4.8 below). Proposition 4.3. Let H be a semiabelian variety over F with toric part T and let v / ∈ S. Assume that the following conditions hold: (a) v is tamely ramified in the minimal splitting field of T , and (b) T K nr wv is an invertible K nr wv -torus. Then Ker δ H, K/F, v is annihilated by e 3 v . Proof. We keep the notation introduced in the previous proof. Assumption (b) implies that H 1 (I wv , T ) = 0 (cf. [14] , proof of Lemma 4.8). Then it follows from [13] , proof of Lemma 3.3, that Φ wv (T K ) k(v) is torsion-free and
Further, Ker α v is contained in Φ v (T ) k(v) tors (and similarly for α wv , so that Ker α wv = 0). We conclude that e v annihilates both Ker α v and Ker δ T, K/F, v . It now follows from diagrams (4.9) and (4.10) that Ker f v is annihilated by e 2 v . On the other hand,
where h v is the map appearing in diagram (4.8 Let v / ∈ S and set
Lemma 4.4. Let H be a semiabelian variety over F with toric part T and let v / ∈ S. Assume that T is an invertible F -torus. Then C H, Fv = 0.
Proof. As in the proof of Theorem 3.9, there exists a canonical exact commutative diagram
The maps ϑ T,v and ϑ A,v are surjective by [14] , proof of Lemma 4.8(e), and [4] , Lemma 2.1, respectively. It follows that ϑ H,v is surjective, i.e., C H, Fv = 0.
Remark 4.5. Let A be an abelian variety over F , so that C A, Fv = 0 for every v / ∈ S by the previous lemma. Applying Lemma 2.1 to the pair of maps
, we obtain an exact sequence
Thus there exists a canonical isomorphism
which presents C A, F, S as an obstruction to (a certain type of) weak approximation on A.
Assume now that T K is an invertible K-torus. Since ϑ H, wv : H(K wv ) → Φ wv (H K )(k(w v )) is surjective by the previous lemma applied to H K , there exists a canonical exact commutative diagram (4.11)
where the bottom row is part of the G wv -cohomology sequence induced by
The mapθ wv is the restriction of ϑ wv to H(F v ) ⊂ H(K wv ) and ∂ wv is induced by the connecting homomorphism
where the map involved is induced by the projection
The snake lemma applied to a variant of diagram (4.11) yields the following result (cf. [14] , Proposition 4.4):
Proposition 4.6. Let H be a semiabelian variety over F with toric part T and let K be a finite Galois extension of F such that T K is an invertible K-torus. Then, for every v / ∈ S, there exists a canonical exact sequence
where the groups H 1 (G wv , H • (O wv )) ′ and C H, Fv are given by (4.12) and (4.13), respectively.
Lemma 4.7. Assume that v / ∈ S is tamely ramified in K and let i = 1 or
(see [14] , p.7), Theorem 4.2 of [10] yields a canonical isomorphism
. Thus, by [25] , proof of Proposition I.3.8, p.58,
yields an isomorphism
and an exact sequence
(see [24] , p.309). The lemma is now clear.
The following result is an immediate consequence of Proposition 4.6 and the preceding lemma.
Proposition 4.8. Let H be a semiabelian variety over F with toric part T and let K be a finite Galois extension of F such that T K is an invertible K-torus. Assume that v / ∈ S is tamely ramified in K. Then Coker δ H, K/F, v is annihilated by e v .
Remarks 4.9. (a) If K is any finite Galois extension of F with Galois group G, and S contains all nonarchimedean primes of F which are wildly ramified in K, then H • U G = H • (U ) [10] , Theorem 4.2. In particular, the index
(which figured prominently in [13] , §4) is equal to one. (b) We conclude here the discussion begun in [13] , Remark 4.9(b), on the connection between the work of M.Morishita [26] and [13] , §4. Let 0 → G 1 → G 2 → G 3 → 0 be an exact sequence of smooth, connected and commutative algebraic groups over F . Assume that each group G i admits a Néron model G i over U . Then there exists an induced exact sequence of smooth sheaves on U
, Theorems 2.2.4 and 2.3.1, the preceding exact sequence induces exact sequences (4.14)
6 For the definition of G On the other hand, by [6], Theorem 2.
Consider, in particular, the exact sequence
is the norm-one torus associated to the finite Galois extension K/F , and let X denote the G F -module of characters of G 1 . If S contains all nonarchimedean primes of F such that H 1 (I wv , X) = 0 7 , then Φ(G 1 ) is torsion-free [35] , Corollary 2.19(a). In this case, therefore, the [26] agrees with the Umodel G • 1 of G 1 considered in [13] , §4 (in particular, the exact sequence (13) in [13] , p.1159, extends in the sense of [op.cit.], Remark 4.4(a)). However, if S fails to satisfy the above condition, then the results of [26] and those of [13] are essentially different.
We now consider the exact commutative diagram (4.16)
where γ is induced by the inclusion H(F ) ֒→ H(K), j ′ H, K/F, S is the map (4.4) and ϑ H,S K is induced by the map (4.1). By [13] , proof of Lemma 3.7,
Thus, recalling that Ker j ′ H, K/F, S = Ker j H, K/F, S , the snake lemma applied to (4.16) yields both an exact sequence (4.17)
and an isomorphism is induced by ϑ H,S K . Let (4.20)
, where
and set
Note that
Remark 4.10. Lemma 4.7 shows that if S contains all non-archimedean primes of F which are wildly ramified in K, then
Now arguments completely analogous to those given in [14] , pp.15-16, show that there exists a canonical exact commutative diagram
′ is induced by (4.3) and the bottom row comes from Proposition 4.6. Applying the snake lemma to the above
diagram and using (4.18), we obtain an exact sequence (4.24)
We now combine (4.17) and (4.24) to obtain the following statement.
Proposition 4.11. Let H be a semiabelian variety over F with toric part T and let K be a finite Galois extension of F such that T K is an invertible K-torus. Then there exist canonical exact sequences
given by (4.22) and (4.23), respectively, and the groups C H, Fv are given by (4.13).
Corollary 4.12. Let H be a semiabelian variety over F whose toric part is an invertible F -torus and let K/F be any finite Galois extension of F with Galois group G. Then there exist a canonical exact sequence of finite groups
Proof. This is immediate from the proposition using Lemma 4.4.
Remark 4.13. If, in addition to the hypotheses of the corollary, S contains all non-archimedean primes of F which are wildly ramified in K, then the above exact sequence is an exact sequence
(see Remark 4.9(a)). Further, if K splits T , then Proposition 4.3 shows that the left-hand group in the above exact sequence is annihilated by v∈R \S e 3 v . As regards Coker j ′ H, K/F, S , the corollary and Remark 4.10 show that this group is annihilated by v∈R \S e v . Corollary 4.14. Let H be a semiabelian variety over F with toric part T and let K be a finite Galois extension of F which splits T . Assume that S ⊃ R. Then j ′ H, K/F, S is surjective and there exists a canonical isomorphism
Proof. This is immediate from Remark 4.10 and Propositions 4.3 and 4.11.
Remark 4.15. Let T be an invertible F -torus having multiplicative reduction over U (i.e., S contains all non-archimedean primes of F which ramify in the minimal splitting field of T ). Then
for any finite Galois extension K/F with Galois group G (see [14] , Proposition 4.9). On the other hand, if L is the Hilbert class field of the minimal splitting field of T K , then, by the Principal Ideal Theorem
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, the capitulation map C T, K, S K → C T, L, S L is the zero map. It follows that lim − →K/F C T, K, S K = 0, where the direct limit is taken over all finite Galois subextensions K/F of F /F and the transition maps are the capitulation maps. We conclude that
where the transition maps in the last direct limit are (induced by) inflation maps in group cohomology. In particular, we recover the well-known fact
i.e., "the ideal class group of a global field is the Tate-Shafarevich group of the units". This fact, together with the view that O * F ,S is a natural analog of A(F ) if A is an abelian variety over a number field F , seems to have originated the widely-held view that the Tate-Shafarevich group X 1 (A) of A is a natural analog of the ideal class group of F . But, for the reasons already explained in Remark 3.3(a), we believe that this view is incorrect and should be abandoned.
The capitulation cokernel
Let H be a semiabelian variety over F and let K/F be a finite Galois extension with Galois group G. If v / ∈ S, we will write Φ wv (k(w v )) for Φ wv (H K )(k(w v )). For i = 1 or 2, there exists a canonical map
where ∂ 2 is the map (4.5) and the surjection is induced by the connecting homomorphism
The following result gives information on the kernel and cokernel of the map (5.4).
Proof. This follows by applying Lemma 2.1 to the pair of maps
and using the definition of B S (G, H).
Combining Lemma 5.1, Proposition 5.3 and Lemma 5.5, we obtain the following generalization of [14] , Theorem 5.4. Theorem 5.6. Let H be a semiabelian variety over F and let K/F be any finite Galois extension with Galois group G. Then there exists a complex
where the first map is induced by (5.4). This complex is exact except perhaps at H 2 G, H • ( U ) , where its homology is canonically isomorphic to a subgroup of D S (G, H). Further, the group B S (G, H) fits into an exact sequence
where the groups H 2 (G wv , H(K wv )) ⋄ are given in Definition 5.4.
Remark 5.7. Assume that A has potentially good reduction at every prime v / ∈ S and let K/F be a finite Galois extension such that T K is split and A K has good reduction over U . Then, by Remark 3.6, Φ wv (k(w v )) is a free abelian group with trivial G wv -action. Consequently, H 1 (G wv , Φ wv (k(w v ))) = 0 for every v / ∈ S and thus D S (G, H) = 0. In this case, therefore, the complex appearing in the theorem is exact.
Duality theory for class groups of abelian varieties
Let A be an abelian variety defined over F . To simplify our notation, we will write B (rather than A * ) for the abelian variety dual to A. Recall that the letter B was previously used to denote a set of primes associated to a torus. But, as there will be no mention of tori in this Section, confusion seems unlikely. The Néron model of B over U will be denoted by B.
For each v / ∈ S, theétale k(v)-sheaves Φ v (A) and Φ v (B) will be identified with the We will need the cohomology groups with compact support H i c (U, F) defined in [25] , pp.270-271 (with the completion F v replacing the henselization of F at v considered in [op.cit.]). For any sheaf F on U fl , there exists an exact sequence (6.2)
See [25] , Remark III.0.6(b), p.274. Now, by [16] , Theorem VIII.7.1(b), the canonical Poincaré biextension of (A, B) by G m,F extends uniquely to a biextension of A Γ , B Γ ′ by G m,U . This biextension induces a map
in the derived category of the category of smooth sheaves on U, and this map induces pairings Proof. The proof is similar to the proof of [15] , lemma 5.5, using (6.14) and the commutative diagram
where δ and ̺ are the maps (6.13) and (6.15), respectively (the exactness of the bottom row of this diagram follows from the definition of Sel U, B Γ ′ l r and the local duality theorems for abelian varieties). Proof. By the previous corollary and the existence of the perfect "CasselsTate pairing" X 1 (A) × X 1 (B) → Q/Z [17] , Corollary 4.9, and [15] , Corollary 6.7, the dual of the second exact sequence appearing in Proposition 3.4 for B is an exact sequence
provided l = p = charK in the function field case (the problem is that the inverse limit over r of the bottom row of the big diagram in the proof of Lemma 6.5 might not be exact if l = p). However, even in the number field case, a proof of Theorem 6.9 which does not depend on the finiteness assumption on X 1 (A) seems to be a long way off. Basically, one would have to show that C A, F, S ∩ D 1 U, A • div = 0, which we do not know how to approach at the time of this writing.
